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1. O(TpL2) algorithm for LPTV system realization
◮ T — # of samples
◮ p — # of outputs (dim(y))
◮ L — upper bound of the order

2. algorithm for LPTV maximum likelihood identification

with O(TpL2) cost per iteration
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Autonomous LPTV systems

◮ state space representation (σ — shift operator)

B(A,C) := {y | σx =Ax , y =Cx , x(1) = xini ∈R
n }

◮ change of basis, i.e.,

B = B(A,C) = B(Â, Ĉ)

Â = σVAV−1, Ĉ = CV−1

◮ P-periodicity

A = σ
PA, C = σ

PC, V = σ
PV
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Problem formulation

realization

◮ given: y =
(
y(1), . . . ,y(T )

)
, period P, and order n

◮ find: Â, Ĉ, such that y ∈ B(Â, Ĉ)

identification

◮ given: y =
(
y(1), . . . ,y(T )

)
, period P, and order n

minimize over ŷ and B̂ ‖y − ŷ‖2

subject to ŷ ∈ B̂ ∈ L0,n,P

L0,n,P — set of autonomous LPTV systems with

order at most n and period P (0 = no inputs)
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“lifting” operator

(
y(1), . . . ,y(T )

)
= y 7→ y ′ =

(
y ′(1), . . . ,y ′(T ′)

)
, T ′ := ⌊T/P⌋

y ′ = liftP(y) =







y(1)
...

y(P)


 ,




y(P +1)
...

y(2P)


 , . . . ,




y((T ′−1)P)
...

y(T ′P)







Theorem 1 ([BC08])

◮ B(A,C) — LPTV of order n, period P, with p outputs

◮ liftP
(
B(A,C)

)
— LTI of order n, with p

′ := pP outputs
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Identification of the lifted system

◮ liftP
(
B(A,C)

)
admits nth order repr. B(Φ,Ψ)

◮ y ′ 7→ (Φ̂, Ψ̂) is classical realization problem

◮ can be solved, e.g., by Kung’s method

HL(y
′)︸ ︷︷ ︸

Hankel

= O(Φ̂, Ψ̂)︸ ︷︷ ︸
O

O(Φ̂⊤, x̂⊤
ini)︸ ︷︷ ︸

C

O ∈ R
Lp′×n

C ∈ R
n×(T ′−L)

◮ Φ̂⊤ is a solution of the shift equation

OΦ̂ = O

◮ Ψ̂ is the first block-element of O
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Computation of the model parameters

Theorem 2 ([MGUP13])

◮ define Â =
(
Â1, . . . , ÂP

)
and Ĉ =

(
Â1, . . . , ÂP

)
via

Â1 = . . .= ÂP−1 = In, ÂP := Φ̂

col(Ĉ1, . . . , ĈP) := Ψ̂, Ĉi ∈ R
p×n

(note that Ψ̂ = ÂP ÂP−1 · · · Â2Â1)

◮ B(Φ̂, Ψ̂) (LTI) is equivalent to B(Â, Ĉ) (LPTV), i.e.,

B(Φ̂, Ψ̂) = liftP
(
B(Â, Ĉ)

)
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Summary

LPTV LTI

exact

identified

B(A,C) liftP
(
B(A,C)

)

B(Φ̂, Ψ̂)B(Â, Ĉ)

Theorem 1

Kung

Theorem 2
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Modified method

◮ using the “transposed” lifted sequence

y ′⊤ :=
(
y ′⊤(1), . . . ,y ′⊤(T ′)

)
, y ′⊤(t) ∈ R

1×p′

◮ the Hankel matrix factorization becomes

HL(y
′⊤)︸ ︷︷ ︸

Hankel

=OL(Φ̂
⊤,x⊤

ini)︸ ︷︷ ︸
O

·O⊤
T ′−L+1(Φ̂, Ψ̂)︸ ︷︷ ︸

C

O ∈ R
L×n

C ∈ R
n×p(T−L)

◮ Φ̂⊤ is a solution of the shift equation

OΦ̂⊤ = O

◮ Ψ̂⊤ is the first block element of C
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Identification

◮ the SYSID problem is equivalent to

minimize over ŷ ‖y − ŷ‖2

subject to rank
(
Hn+1

(
liftP(ŷ

⊤)
))

≤ n

(SLRA)

◮ (SLRA) is Hankel structured low-rank approximation

◮ existing methods can be used; we use the method of

[MU13], which is based on the kernel representation

rank
(
Hn+1

(
liftP(ŷ

⊤)
))

≤ n ⇐⇒

∃ R1×(n+1), RHn+1

(
liftP(ŷ

⊤)
)
= 0, RR⊤ = 1
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Simulation setup

◮ the data is generated by an output error model

y = ȳ + ỹ , where ȳ ∈ B̄ ∈ L0,n,P and ỹ ∼ N(0,s2Ip)

split into identification (3/4) and validation (1/4) parts

◮ B̄ is Mathieu oscillator—spring-mass-damper system

with time-periodic spring stiffness

Āτ =

[
0 1

ā1 ā2,τ

]
, C̄τ =

[
1 0

]

◮ in the example P = 3 and T ′ = 20
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The data and its approximation
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Average approximation error
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Definitions
◮ block-Hankel matrix

HL(y) :=




y(1) y(2) y(3) · · · y(T −L+1)

y(2) y(3) . .
.

y(T −L+1)

y(3) . .
. ...

...
y(L) y(L+1) · · · y(T )




◮ extended observability matrix

OL(A,C) :=




C(1)
C(2)A(1)

C(3)A(2)A(1)
...

C(L)A(L−1)A(L−2) · · ·A(1)
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